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Machine Learning

Part 1: Mathematical Foundation of Machine Learning

Zengchang Qin (Ph.D.)
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Function and Data Generalization
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Functions

In mathematics, a function is a relation between a set of inputs and a set
of permissible outputs with the property that each input is related to
exactly one output.

INPUT x
"
(

FUNCTION f:

v
OUTPUT f(x)

A sample function: f(x) = 2x+3



Functions

We have learned different types of functions.
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Functions

We have learned different types of functions.




The Real-World Data

In the real-world, when we are investigating relations, we may find
the following:

- Da.to},mimmum!'?
"
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1700 1750 1800 1850 1900 1950 2000 A 2050
Year 2030



Some Functions

01
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o = N W A

log,,(x) log, (x)
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y = e* http://setosa.io/ev/exponentiation/
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Function Decomposition

"Function Composition" is applying one function to the results of another:
The result of f() is sent through g() INPUT x

3
(
It is written: (g <¥)(x) IJFUNCTIONJ

Which means: g(f(x))

JA
OUTPUT
f(x) = 2x+3 '
FUNCTION f:
f Sf(x) = ? )
fEF(x)="? OUTPUT
Y1
f o f (2) = IJ
FUNCTION f:
)

OUTPUT fef-f(x)
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Vector

A vector space V is a set (the elements of which are called vectors) on which
two operations are defined: vectors can be added together, and vectors can be
multiplied by real numbers called scalars.

Can be written in column form or row form — Column form is conventional!

z B n p— — e —
L1 r1 + ax
I9 .
. X+y= : : axX =
* :I; n —l_ yTL (1 :I; mn
aj-n — = — =




Vector Space

« Euclidean space is used to
mathematically represent riars
physical space, with notions such
as distance, length, and angles.

r1+r2+r3

 Although it becomes hard to
visualize for n > 3, these
concepts generalize
mathematically in obvious ways.
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« Linear relations hold in high
dimensional space.



Norm of Vectors

A norm on a real vector space V is a function || - || : V' — R that satisfies

(i) [|x]| > 0, with equality if and only if x =0

(i) flax| = faflx]]

(i) ||lx + ¥y < ||x|| + |ly|l (the triangle inequality again)

We will typically only be concerned with a few specific norms on R":

1
Iy =) | n ’
: el = | > lal? (p=>1)
1=1 /

1xl2 = [|x]|co = max |z;|

1<i<n




L-0 to L-infinity Norms

a norm is a function that assigns a
strictly positive length to a vector,

A simple example is two
dimensional Euclidean space R2
equipped with the "Euclidean norm™

12
2. 3
(x1+X5)

0.5

n
Ixlly = { D lzl”
=1 _




Matrix

A vector can be regarded as special case of a matrix, where one of matrix

dimensions = 1.

aii aiz

a1 a2

a3l a3s2

|

a

a

A

n

mn /

-1

2 7
A =
.

Matrix transpose (denoted T)

1

0 3J AT =

8

C =AB <~ Cij = Zaikbkj,
k=1

b11
ba1

b12
bao

]:

ai11b11 + a12b21
a21b11 + a20b21
as31b11 + aszbaq

ai11bi2 + ai12b2o
as1b12 + a22bso
as1bis + asoboo




Vector to Tensor

https://www.quora.com/What-is-a-tensor

Columns are the stresses (forces per unit area) acting on the e,, e,, and e, faces
of the cube.

011 012 013 Ozx Ozy Ozz

O = | 021 022 0323

0'31 0'32 0'33 a ag a
(a;+b;,a,+b,) i

=Y

b, a a;tb,

https://www.wukong.com/question/6531498435785261325/



Tensor

28 pixels (height)

tensor = multidimensional array

vector matrix tensor

28 pieels (width)

Color iImage 3 channels
(RGB) (RGB)

3 Colowr Channels
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Determinant

In linear algebra, the determinant is a useful value that can be computed
from the elements of a square matrix. The determinant of a matrix A is
denoted det(A), det A, or |A|. It can be viewed as the scaling factor of the

transformation described by the matrix.

(a+c,b+d)

(c.d)

ad—bc a b
Al = = ad — be
A=Y
(a,b)
(0,0)
a b c
|Al=|d e _f:a;6 J,c—b‘d J,c-i—c‘d €
g B i h 1 g 1 g h

= aet + bfg+ cdh — ceg — bdi — afh.



Eigenvector and Eigenvalue

For a square matrix A € R"*", there may be vectors which, when A is applied to them, are simply
scaled by some constant. We say that a nonzero vector x € R" is an eigenvector of A corresponding

to eigenvalue A\ if
Ax = \x

The zero vector is excluded from this definition because A0 = 0 = A0 for every \.

We now give some useful results about how eigenvalues change after various manipulations.

The trace of a square matrix is the sum of its diagonal entries:

tI‘(A) = i/‘l“

=1

http://setosa.io/ev/eigenvectors-and-eigenvalues/



Singular Value Decomposition

Singular Value Decomposition:

Formally, the SVD of a real m X n matrix A is a factorization of the form
A=U X VT, where U is an m X m orthogonal matrix of left singular vectors,
> 1s an m X n diagonal matrix of singular values, and VTisann X n
orthogonal matrix of right singular vectors.

data matrix left singular diagonal of right singular
vectors singular values vectors

1 000 2 001 0 A U ) vt
M=00300 U—O]'OO . r n
0O 00 0O _000_1
02 000 100 0 k r
0 100 0
»_|03 0 00 Vi=| 402 00 0 08
0 0 +/5 00 0 001 0
00 0 00O —/08 0 0 0 402

hashtags/word co- embedding of hashtags embedding of words by
occurence matrix (words by the words they co- the hashtags they co-

as rows, hashtags as occur with oceur with
columns)



Jacobian and Hessian Matrices

The Jacobian of f : R" — R is a matrix of first-order partial derivatives:

9fr 0f1
Oxq Tt Oz, “f
J;= ie.  [Jfli; = 5 Note the special case m = 1, where Vf = J}r.
8f’f(h af'ffh rIJj
Oxq Oxp

The Hessian matrix of f : R? — R is a matrix of second-order partial derivatives:

[ 9%y o2/
&r% e 8:}1’:1({).’]’?7,’ 62]0
2 . . . . 2 .
V f = . . . 1.C. [V ﬂ?J = :
’ : aélﬁfaxj
0% f 0% f
_8:1",n8w1 T Ox? i




Convex Set and Function

tf (z1) + (1 =) f (x2)

[tz + (1= t)as)

A function f is convex if

[f(tx+ (- t)y) < tfx) + (1 - )f(y) ]

=

for all x,y € dom f and all ¢ € [0, 1].

Iy try + (]. - t)mg

Figure 2: What convex functions look like

T2
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Probability (Objective and Subjective)

The first approach is to define Consider, for example, a scholar

probability in terms of frequency who asserts that the Lliad and the
of occurrence, as a percentage of Odyssey were composed by the

successes in a moderately large same person, with probability
number of similar situations. 90%. Such an assertion conveys

some information, but not in
terms of frequencies, since the
subject is a one-time event.
Rather, it is an expression of the
scholar’ s subjective belief.

Such an interpretation is often
natural. For example, when we
say that a perfectly
manufactured coin lands on
heads “with probability
50%,” we typically mean
“roughly half of the time.”




Set Operation

Examples of Venn diagrams.

(a) The shaded regionis S N T.

(b) The shaded regionis S UT.

(¢) The shaded region is S Nc(T) .

(d) Here, T < S. The shaded region is the complement of S.
(e) The sets S, T, and U are disjoint.

(f) The sets S, T, and U form a partition of the set €2

€ Q 9]

03 |“D] 0

(a) (b) (©

() (e) ()



Probabilistic Models

Elements of a Probabilistic Model

The sample space €2, which is the set of all possible outcomes of an
experiment.

The probability law, which assigns to a set A of possible outcomes (also
called an event) anonnegative number P(A) (called the probability of A) that
encodes our knowledge or belief about the collective “likelihood” of the
elements of A. The probability law must satisfy certain properties to be
introduced shortly.

Probability

| Law
N
Experiment P(A)
Sample Space Q | -
(Set of Outcomes) A B



Probability Axioms

Probability Axioms

l. (Nonnegativity) P(A) > 0, for every event A.
2. (Additivity) If A and B are two disjoint events, then the probability
of their union satisfies

P(AUB) =P(A) + P(B).

Furthermore, if the sample space has an infinite number of elements
and A1, A, ... 1s a sequence of disjoint events, then the probability of
their union satisfies

P(/hUAQU---):P(/I])+P(/[2)+...

3. (Normalization) The probability of the entire sample space  is
equal to 1, that is, P(Q?) = 1.




Conditional Probability

Properties of Conditional Probability My nelgthI‘ JOhn haS two
e The conditional probability of an event A, given an event B with k|ds

P(B) > 0, is defined by

P(ANB :
P(A|B) - (P(m) 1. He told me that one of his
two kids is a boy, what is the
and specifies a new (conditional) probability law on the same sample -
space 2. In particular, all known properties of probability laws remain prObabI I Ity that the Other one
valid for conditional probability laws. iS a gII‘|
e Conditional probabilities can also be viewed as a probability law on a
new universe B, because all of the conditional probability is concen-
trated on B. 2. If I saw one’s kids is playing
e In the case where the possible outcomes are finitely many and equally OutSid e, th at iS a boy’ Wh at iS

likely, we have

, the probability that the other
number of elements of AN B

P(A|B) = ) . .
(418) number of elements of B oneilsa gll’|




Total Probability Theorem

Total Probability Theorem

Let Ay, ..., Ay be disjoint events that form a partition of the sample space

(each possible outcome is included in one and only one of the events Ay, ..., Ay)
and assume that P(A;) > 0, for all i = 1,...,n. Then, for any event B, we
have

P(B)=P(A1NB)+- - +P(A, N B)
= P(A)P(B|Ay) + -+ P(4,)P(B| Ay).
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