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Machine Learning

Part 4. Max Margin

Zengchang Qin (Ph.D.)
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Classification with Max Margin
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Hyperplane

The hyperplane 1+2X1+3X2 =0 is shown. The blue region is the set of points for
which 1+2X1 +3X2 > 0, and the purple region is the set of points for which
1+42X1 +3X2 < 0.




Which One Is Better?




The Problem

Given a data set,

D= { (xl; )’1); (xZi yZ)r ey (xm» ym)}r Vi € {_1’1}1

How can we find a hyperplane to classify them?
Is it the best one?

A hyperplane can be described as the following function

wlx+b=0,

where w = {wq; w3; ...; wg} is the normal vector of the

hyperplane
wTx; +b > +o,

wl'x; +b < —o0,

Normalize to yi(w'x; +b) >= 1, i=1,2,...,m.



Support Vectors




|_Inear Function
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Probabilistic Interpretation
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Lagrange Multiplier

Lagrange multipliers: Casel: equality constraint

min f(x)
g(x) =0

We can combine the constraints with
objective function together




H1: w'x;+b=+1,
H2: o'x;+b=-1,

Recall that in 2-D, the distance from a
point (xg,¥o)toaline Ax+By+C =0
IS

|Axy + Byy + C|

VA% + B?

So the distance from hyperplane H1 to
H2 can be computed as

2
|||




Maximization

In conclusion, the objective function is

2
max
wb ||w]|

S. L. yi(wai + b) > 1, i=1,2, ..., m.
Alternatively, we can minimize the denominator

. 1 2
min —|w

S. L. yi(wai + b) > 1, i=1,2, ..., m.



ML Estimation

min, 2
s.t. >0




Langrangian Muliplier

Move the constraint to objective function — Lagrangian

L(z,a) =2* —a(x —b), st:a>0

minmax  L(x,«) min max
& « & o
S.0.: a >0 s.t.:

To solve the min max problem

a—L—():>L1:”‘—g
or 2
oL

0 0 = o = max(2b,0)

L(z,a) = 2° — a(x — b)
a >0



Inequality Constraint

Case 2: inequality constraint

min f (x)
s.b. gx)<0

gx)<0, A1=0
g(x) =0, Vf(x*)+iVg(x*)=0,4>0

) ig(x)=0




Dural Form

1. Primal problem

: - 2
min - > llw]|
S. L. yi(wai + b) > 1, i=1,2, ..., m.
2. Lagrange function
_1 T
L(w, b, @) =7 |lo||* + 221 a;(1 — y(@" x; + D))

L(w, b, a) -0 W =YL aYix;

oL@ b a_, 0= &y

db




Dual Form

Move the constraint to objective function — Lagrangian

m 1 m m
moz(ixz a;, — Ez z aiajyiijiTx

More details are available in the written lecture notes!
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